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Abstract
The effective chiral Lagrangian in both nonlocal form LECCL and
standard local form LECL are derived in QCD using the confining
kernel, obtained in the vacuum correlator formalism.
As a result all coefficients of LECL can be computed via qq¯ Green’s
functions.
In the p2 order of LECL one obtains GOR relations and quark
decay constants fa are calculated a = 1, ...8, while in the p
4 order the
coefficients L1, L2, L3, L4, L5, L6 are obtained in good agreement with
the values given by data. The chiral quark model is shown to be a
simple consequence of LECCL with defined coefficients.
It is demonstrated that LECCL gives an extension of the limiting
low-energy Lagrangian LECL to arbitrary momenta.
1 Introduction
The phenomenon of chiral symmetry breaking (CSB) was realized before
the appearance of QCD [1], and the different forms of chiral Lagrangian ap-
peared very early in the framework of the linear and nonlinear sigma models
[2], which incorporated the powerful methods of chiral perturbation theory
(ChPT) [3], see [4] for reviews.
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By now the chiral Lagrangian and ChPT are standard parts of the QCD
textbooks [5] along with the QCD perturbation theory.
However the full-scaled derivation of the chiral Lagrangian from QCD is
still missing, however some work in different models as well as in general
terms was done in [6], as well as in the instanton model [7, 8].
The main features of the Effective Chiral Lagrangian (ECL) [3] are: 1)
it is local and NG particles are described by local fields; 2) it contains in [3]
14 phenomenological parameters and more are added in higher terms: 3) it
does not take into account quark degrees of freedom explicitly and the hope
is that implicitly those can be described by taking into account a sufficient
amount of higher terms in the framework of the effective field theory [9].
Meanwhile this problem was studied from another direction, which con-
siders CSB as stemming from confinement [10, 11, 12, 13], and in particular
proving the GOR relations [14] on this foundation [11].
In this way one can calculate also the basic parameters of the chiral the-
ory: pion coupling constant fpi and chiral condensate [12], and find the stan-
dard quark mass relations [13], and in addition the excited Nambu-Goldstone
states [13].
It is important, that the basic step in this approach is the effective four-
quark term in the Lagrangian, exactly derived from the confining kernel.
An interesting question of how the Nambu-Goldstone (NG) mesons trans-
form into ordinary (non NG) mesons with the increasing quark masses was
studied in [15].
It is a purpose of the present paper to suggest and study a simple form of
the nonlocal Lagrangian(Effective Chiral Confining Lagrangian(ECCL)),which
produces the standard ECL in the local limit,and investigate its properties
and applications.In particular,we derive the coefficients of its expansion in
powers of NG fields.A simple way of derivation of the ECCL, where con-
finement is taken into account in the form of the 4q terms, originating from
the vacuum field correlators [10, 11, 12, 13],is given at the beginning of the
next section. As will be seen below in the paper, the resulting ECCL, has
the same general structure as the standard ECL [2, 3], however is nonlo-
cal and contains explicitly quark degrees of freedom in the form of the q
and q¯ Green’s function with confinement taken into account. As a result in
the low momentum limit of ECCL, when all internal momenta p2i are much
less than string tension σ, one obtains ECL [3] (plus higher order terms in
quark masses mq). From this point of view ECCL is similar to the ECL, de-
duced from the instanton gas model [7, 8] (apart from mq dependent terms
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missing in [7, 8]), however in the latter case the nonlocal form of ECL does
not have confining properties, while actual quark masses are replaced by the
constituent version.
The new ECCL has the important property of the combining quark and
NG meson degrees of freedom, which is important for the processes including
both ordinary hadrons and NG mesons. This allows to write the amplitudes
for the processes including pion emission without new parameters, e.g. for
the pion and double pion emission in heavy-light [10, 16] and heavy-heavy
mesons [17, 18].
In this way one derives the new Chiral Confinement Quark Model, (CCQM)
where quarks in addition to confinement also interact with NG fields in a way
similar to the original Chiral Quark Model (CQM) [19].
In general our approach enables one to develop the new type of equations
for the pion field coexisting with quarks inside hadrons.
It is important to stress, that in our derivation of ECL the basic role
is played by confinement, which is implemented in the scalar kernel Mq(x)
of the qq¯ interaction. It is clear that the scalar confinement violates chiral
symmetry, and the final form of the chiral Lagrangian contains pion fields ϕ
in the combination Mq(x) exp(iϕˆγ5), which combines quark and pion d.o.f.
As a result the emerging ECCL and its local form, ECL, depend only on
quark dynamics constants: string tension σ, quark current masses mi and
a new combination – the vertex mass Mq(0), which can be expressed via σ
and vacuum correlation Length λ, Mq(0) ≃ σλ. Here λ is estimated via
gluelump masses and hence via σ, λ ≈ 1/MGL ≈ 0.15 fm. In this way our
approach allows to connect chiral meson and quark confinement dynamics in
a transparent way. One of the immediate consequences is that CSB vanishes
together with confinement, as it is observed on the lattice.
The paper is organized as follows. In the next section we derive, follow-
ing [10, 11, 12, 13], the quark Lagrangian with inclusion of NG fields. In
Section 3 this Lagrangian is represented in the form, which allows to make
an expression in powers of NG fields and write the nonlocal ECCL.
In section 4 the first terms of ECCL are analyzed and compared with the
known results of GOR relations and quark mass relations.
In section 5 the general structure of ECCL is discussed in both nonlocal
and local forms and coefficients of the fourth order terms are compared to
the standard ECL.
In section 6 the 4-th order terms of ECCL are compared with those of
instanton model and experimental data.
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In section 7 the chiral quark model is derived and compared with existing
version.
Section 8 contains conclusions and prospectives.
2 The effective Quark Lagrangian with NG
mesons and confinement
We start with the QCD partition function in the Euclidean space-time as in
[10, 11, 12, 13]
Z =
∫
DADψDψ+exp[L0 + L1 + Lint] (1)
where we have defined
L0 = −1
4
∫
d4x(F aµν)
2, (2)
L1 = −i
∫
fψ+(x)(∂ˆ +mf)
fψ(x)d4x, (3)
Lint =
∫
fψ+(x)gAˆ(x) fψ(x)d4x. (4)
We consider nonperturbative (vacuum) gluonic fields A and using the
contour gauge [20] express Aµ via the vacuum field strength, F
(B)
λµ ,
Aµ(x) =
∫
C(x)
F
(B)
λµ (u)α(u)duλ. (5)
As a result the vacuum average of 〈expLint(A)〉B can be written in terms of
vacuum field correlators
〈exp
∫
ψ+(x)gAˆ(x)ψ(x)dx〉B = exp(L(4)EQL + L(6)EQL + ...), (6)
where L
(2n)
EQL contains 2n quark operators and the vacuum correlator of n field
strengths F
(B)
λiµi
. As it was shown in [21], the sum over n in the n-th cumulant
series of field strengths is fast converging, as also proved by the Casimir
scaling property on the lattice,however additional 2n quark operators can be
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created perturbatively. To simplify the matter we can retain only the first
term L
(4)
EQL ≡ LEQL, which can be written as follows [10, 11, 12, 13]
LEQL =
g2
2
∫
d4xd4y fψ+aα(x)
fψbβ(x)
gψ+cγ(y)
gψdε(y)〈A(µ)ab (x)A(ν)cd (y)〉γ(µ)αβ γ(ν)γε
(7)
Here (a, α, f) etc. are color, Dirac and flavor indices. At this point we
take into account confinement expressing 〈AµAν〉 via vacuum field correlators
〈FF 〉 [21]. Note the similarity of the resulting effective Lagrangian with the
Nambu-Jona-Lasinio (NJL) model, where also local 4q, 6q... combinations
are introduced. In our case 4q, 6q,... operators appear at the end of the
confining string, which connects them to the whole white hadron. From this
point of view our LECL is like the “confining extension of the NJL model”.
Leading details to the Appendix 1, and keeping only color electric fields
in (7) (µ = ν = 4), one can write (7) as follows
LEQL =
1
2Nc
∫
d4x
∫
d4y fψ+aα(x)
fψbβ(x)
gψ+bγ(y)
gψaε(y)γ
(4)
αβγ
(4)
γε J(x, y).
(8)
Here the scalar confining kernel J(x, y) corresponds to the situation,
shown in Fig. 1, and is linearly growing for |x + y| → ∞. As it is clear
in Fig. 1, where only a half of the string between q and q¯ is shown, we as-
sign this peace to the quark, while the rest is associated with the antiquark.
The object in Fig 1 is the 4q(qq¯qq¯) confining kernel, where q and q¯ can form
pairwise (S, P, V, A, T ) combinations, so that symbolically
LEQL =
∫ ∫
d4xd4y
∑
Ψ(n)(x, y)Ψ(n)(y, x)J(x, y) (9)
where Ψ(n) = ψ+i (x)ψk(y)O
ik
n . Using identity
e−ΨJ˜Ψ =
∫
(det J˜)1/2Dχ exp[−χJ˜χ+ iΨJ˜χ + iχJ˜Ψ] (10)
one obtains in the exponent of (10) the terms of S, P, ... interaction
ΨJχ + χJΨ ∼ ψ+(χSt(0) + iγ5χP t(1) + ...)ψ ≡ ψ+Mˆψ (11)
where t(i) are flavor matrices.
In this way the pseudoscalar fields in Mˆp already appear, but in a linear
way together with the scalar interaction, which violates chiral symmetry, but
it is not enough to establish the true chiral dynamics.
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Figure 1: The q interaction kernel LEQL with the averaged gluon corre-
lator 〈Aµ(x)Aν(y)〉, expressed via field correlators 〈F (u)F (v)〉 on the lines
uǫC(x), vǫC(y)
For the latter one must redefine the fields χs and χp in (11) in a nonlinear
way
χP = χ0 sin φˆ, χS = χ0 cos φˆ, Mˆ = χ0Uˆ , (12)
where Uˆ = exp(iγ5φˆ) and φˆ ≡ φata, and ta are flavor matrices. This new form
Mˆ = MsUˆ will be the basic origin of the chiral dynamics in what follows.
In Fig. 2 we illustrate the resulting confining kernel with pions. Note, that
in the framework of the instanton model [7] this type of form (with Ms as
a quark constituent mass) was given in [7], first reference. In our case we
are deriving it from the 4q kernel (8). Summarizing and leaving details of
derivation to the appendix 1 and original papers [11]-[14], we are writing the
final term of the effective Lagrangian as (omitting terms independent of φˆ)
Leff (Ms, φ) = −Nctr log[i∂ˆ + mˆ+MsUˆ ]. (13)
Here Ms(x, y) is proportional to J(x, y), and Uˆ = exp(φˆγ5) with originally
nonlocal φˆ = φˆ(x, y), and we shall consider below the local limit ( actually
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Figure 2: The effective chiral confining kernel MsUˆ comprising confinement
in Ms and chiral mesons in Uˆ .
the limit of zero width of confining string) where both φˆ and Ms depend only
on x.
The sign tr in (13) implies summation over coordinates, Dirac and flavor
indices, tr ≡ trx,D,f and trD() ≡ 14 tr(γµ, γν, ...).
It is essential, that in absence of NG fields (φˆ ≡ 0) the confining kernelMs
is scalar, as shown in [22] and violates the chiral symmetry in ψ¯Msψ, ψ →
exp(iαγ5)ψ.
From (13) it is clear that Leff violates chiral symmetry due to the presence
of mˆ and Ms, i.e. also in the chiral limit, mˆ→ 0, implying that confinement
(nonzero string tension σ) is a source of chiral symmetry breaking (CSB).
3 Expansion of the Chiral Lagrangian – com-
parison with standard expressions
We shall use for convenience the forms Λ, Λ¯ instead of S(0) = i
∂ˆ+mˆ+M
, M ≡
Ms, namely S0 = iΛ, and we use Λ¯ = (−∂ˆ + mˆ+M)−1 and G = ΛΛ¯ = Λ¯Λ.
Then our effective chiral confining Lagrangian (13) has the form
LECCL = −Nctr logS−1 = −Nctr log(Λ−1 +M(Uˆ − 1)) =
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−Nctr log Λ−1(1 + ΛM(Uˆ − 1)) = −Nctr log(1 + Λ(Λ−1(∂ˆ + mˆ)(Uˆ − 1))) =
−Nctr log(Uˆ − Λ(∂ˆ + mˆ)(Uˆ − 1))) =
−Nctr log(1− Uˆ+Λ(∂ˆ + mˆ)(Uˆ − 1)) ≡ −Nctr log(1− η), (14)
where we have repeatedly omitted terms independent of Uˆ and have taken
into account that tr log Uˆ = 0. Hence the expansion can be made in powers
of η,
η = Uˆ+Λ(∂ˆ + mˆ)(Uˆ − 1) = ηϕ + ηm, (15)
where
ηϕ = Uˆ
+Λ∂ˆUˆ , ηm = Uˆ
+Λmˆ(Uˆ − 1). (16)
To the lowest order in ϕˆ, ηϕ = iΛ∂ˆϕˆ = S0∂ˆϕˆ, and one can see, that in the
chiral limit, mˆ ≡ 0, the ECCL has the expansion in powers of ηϕ
L
(m=0)
ECCL = Nctr
∞∑
n=1
(S0∂ˆϕˆ)
n
n
. (17)
Hence one can represent the n-th term of the expansion (17) as a loop diagram
with n vertices with derivatives ∂µϕ(xi), i = 1, ..n and quark propagators
S0(xi, xi=1) between neighboring vertices. Note, that S0 contains confinement
interaction in M(y), yǫ[xi, xi+1], and therefore the loop is covered with the
confining film, which creates its own scale of mass M¯ = O(
√
σ). As a result
the expansion (17) is actually the set of quark diagrams with the vertices
∂ˆϕˆγ5 where ϕˆ =
pia(x)λa
fa
, λa are eight Gell-Mann matrices in the case of
SU(3) and Pauli matrices in the SU(2) case, fa will be defined later. Note,
that these diagrams can be considered not only for small pion momenta,
p≪ M¯ , but also in the region, where ππ or 3π resonances can be formed in
the intermediate stage in the process nπ → n′π.
A similar role can be played by the term ηm, which can be written as
ηm = −iGmˆ(∂ˆ −M)ϕˆγ5 +O(ϕˆ2), (18)
where
G = ΛΛ¯ = (−∂2 + (mˆ+M)2)−1. (19)
in what follows we shall use the Green’s functionG instead of Λ, Λ¯ to calculate
the coefficients of the expansion of LECL in powers of (ϕˆ, ∂ˆϕ), and replacing
Λ = ΛΛ¯(Λ¯)−1 = G(−∂ˆ + mˆ+M),one can write
η = Uˆ+G(M − ∂ˆ)∂ˆUˆ + Uˆ+Gmˆ(M + mˆ)(Uˆ − 1). (20)
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At this point one can notice an important new role played by the factor
M in (20). Indeed, writing the coordinate arguments e.g. in the first term
on the r.h.s. of (20), one has
η(x, y) = Uˆ+(x)G(x, y)(M(0)− ∂ˆy)∂ˆUˆ(y) + ..., (21)
where we have taken into account, that M(z) is defined on the quark tra-
jectory at the point z, and when this point coincides with the vertex point
(point y in (21)), we denote it M(0), and it is clear, that the length of the
string incorpotated in M(z) = σ|z| is minimal in M(0), and physically one
can expect, that M(0) ∼ σλ, where λ is the minimal length – the correla-
tion length of confinement, λ = O(0.1 fm) [21]. The actual calculation of
M(0), done in [11], indeed supports this estimate, as we illustrate it in the
appendix 2. In what follows we take
M(0) = σλ = 0.15 GeV (22)
and this quantity will be basic for our future estimates, since both fa and
〈q¯aqa〉 are proportional to it [11, 12]. In the leading approximation, neglecting
terms ϕˆn∂ˆϕˆ, n > 0 one can write
η = iG[M(0)∂ˆϕˆ− µ2ϕˆ + mˆ(M(0) + mˆ)ϕˆ]γ5, (23)
where we have taken into account, that ∂2µϕˆ = µ
2
aϕˆ, that due to GOR re-
lations(which will be derived later) µ2 = O(mˆ). Hence in the chiral limit
(mˆ→ 0) one has
η(mˆ→ 0) = iGM(0)∂ˆϕˆγ5. (24)
Hence the coefficient of the n-th term (∂ˆϕˆ)n in the expansion of LECCL
contains the integral ( for ever n)
tr ηn = Mn(0)trDf
n∏
k=1
d4xkG(xk, xk+1)∂ˆϕˆ(xk).γ5 (25)
For the proper limit of the chiral Lagrangian, when momenta of all pions in
the vertices tend to zero, one can calculate the integral in (25) as the (n− 2)
derivative in m2 of the lowest loop integral
I2 =
∫
d4(x1 − x2)G(x1, x2)G(x2, x1) (26)
given in Appendix 3.
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Indeed, in the local limit all xk in ϕˆ(xk) tend to one x, xk → x, k =
1, 2, ...n, and
∫ n∏
k=1
d4xkG(xk, xk+1)→
∫
d4x
d4p
(2π)4
(G(p))n ≡
∫
d4xIn (27)
where G(p) =
∫
d4(xk − xk+1)G(xk, xk+1)eip(xk−xk+1).
For n = 2 one has
∫
d4p
(2π)4
G2(p) =
∫
d(x1 − x2)G(x1, x2)G(x2, x1) ≡ I2(m21, m22). (28)
Now for n > 2 one takes into account that G(p) ∼ 1
p2+(m+M¯ )2
, and hence
e.g.
In =
1[(
n
2
− 1
)
!
]2 ∂
n/2
∂(m21)
n/2
∂n/2
∂(m22)
n/2
I2(m
2
1, m
2
2). (29)
The flavor and Lorentz structure of trηn in (25) is defined by the last factor
in (25)
trDf
n∏
k=1
∂ˆϕˆ(xk)γ5 =
∑
{µk}{ak}
C({µk}{ak})
n∏
k=1
∂µk
(
ϕak(x)
fak
)
. (30)
Note, that as a result we obtain only one coefficient In(m
2) in front of
the complicated sum (30), given by the trace of Dirac matrices γµ and flavor
matrices λk, and this combination in general has little to do with those
usually written in CPTh from the invariance principle.
In the next sections we shall illustrate this method for the case n = 4.
4 Chiral Lagrangian in the order O(ϕˆ2)
Here we shall use the form (15), (16) for η and expand LECCL to the second
order in ϕˆ.
L
(2)
ECCL = Nctr
(
η +
η2
2
)
, (31)
η = iΛ∂ˆϕˆγ5 − Λmϕˆ
2
2
+ ϕˆΛ¯mϕˆ+ iΛmϕˆγ5. (32)
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As a result L
(2)
ECCL acquires the form
L
(2)
ECCL = Nctr
{
+Λm
ϕˆ2
2
+
1
2
Λ∂ˆϕˆΛ¯∂ˆϕˆ− 1
2
ΛmϕˆΛ¯mϕˆ
}
. (33)
Therefore defining the quark condensate for the quarks of flavor “a” as
∆a ≡ |〈q¯aqa〉| ≡ NctrDΛa = NctrD
(
1
∂ˆ +ma +M
)
xx
(34)
the first term on the r.h.s. of (33) can be written as
NctrΛmˆ
ϕˆ2
2
= ∆amaϕabϕba =
[
π+π−
f 2pi
(∆1m1 +∆2m2) +
π0π0
2f 2pi
(∆1m1 +∆2m2)+
K+K−
f 2K
(∆3m3+∆1m1)+
K0K¯0
f 2K
(∆3m3+∆2m2)+
η2
6f 2pi
(∆1m1+∆2m2+4∆3m3)+
π0η√
3f 2pi
(∆1m1 −∆2m2)
]
, (35)
where we have used the standard expression
ϕab ≡ ϕˆ = ϕiλi
fi
=
√
2


(
η√
6
+ pi
0√
2
)
1
fpi
, pi
+
fpi
, K+/fK
π−/fpi,
(
η√
6
− pi0√
2
)
1
fpi
, K0/fK0
K−/fK , K¯0/fK0, − 2η√6fpi

 . (36)
At this stage one associates (35) with the standard mass term in the free
Lagrangian, which for neutral particles has the form ∆L = µ2iϕ2i
2
, and in this
way we obtain the GOR relations without O(m2) correction, given by the
last term on the r.h.s. of (33)
f 2pi0µ
2
pi0 = ∆1m1 +∆2m2 (37)
f 2pi+µ
2
pi+ = f
2
pi−µ
2
pi− = ∆1m1 +∆2m2 (38)
f 2K+µ
2
K+ = f
2
K−µ
2
K− = ∆1m1 +∆3m3 (39)
11
f 2K0µ
2
K0 = f
2
K¯0µ
2
K¯0 = ∆2m2 +∆3m3. (40)
These equations should be compared to the standard expressions, ob-
tainable from the textbooks [5], where usually one neglects the differences
∆i −∆j = O(mi −mj). But before we should consider the second term on
the r.h.s. of (33),, which will allow to find the quark decay constants (QDC)
fi in (37), (38), (39), (40). Therefore we are writing for the second term on
the r.h.s. of (33)1
Nc
2
trDfx(Λ∂ˆϕˆΛ¯∂ˆϕˆ) =
Nc
2
tr(−∂ˆ +ma +M)∂ˆϕˆ(∂ˆ +mb +M)∂ˆϕˆGaGb =
= tr
Nc
2
(
(M(0) +ma)(M(0) +mb)∂ˆϕˆ · ∂ˆϕˆ− ∂2ϕˆ∂2ϕˆ
)
GaGb =
=
Nc
4
(M(0) +ma)(M(0) +mb)
ωaωbMnξnf 2n
(∂µπ)
2 =
1
2
(∂µπ
0)2 + ... (41)
Here n refers to the excitation number for ϕ
(n)
i , e.g. the ground state pion
has n = 0. From the last line of (41) one obtains the definition of f 2
(f
(n)
ab )
2 =
1
2
Nc(ma+M(0))(mb+M(0))I
(ab)
2 =
Nc(ma +M(0))(mb +M(0))
2ω
(n)
a ω
(n)
b Mnξn
ϕ2n(0),
(42)
and we have neglected the term ∂2ϕ∂2ϕ ∼ O(m2).
The expression (42) for f¯
(n)
ab =
√
2f
(n)
ab was obtained before in [23, 24]
and used to calculate f¯K , f¯pi in [25] . Note, that n in (41) refers to excited
states of mesons ω
(n)
i = 〈
√
p2 +m2i 〉n, i = a, b, and the average is taken
with the n-th bound state wave function and was calculated repeatedly in
[26, 27, 28, 29], while Mn is the mass of the n-th state, Mn ≈ ω(n)a + ω(n)b ,
finally ξn for light mesons is close to 1/2 [23], ξn = 1/2.34 [24], and in what
follows we confine ourselves to the lowest state.
1Note the difference in the sign of the kinetic term (41), written in Euclidean space time
∂µ∂µ = ∂4∂4 + ∂i∂i, as compared to the sign of the corresponding term in the standard
ECL Lagrangian ∂µU
+∂µU ≡ ∂0ϕa∂0ϕa − ∂iϕa∂iϕa. Therefore the whole sign of our
Lagrangian is opposite to the standard one, as well as signs of our terms in L(4).
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The resulting values of f¯pi, f¯K obtained in [25] for M(0) = 0.15 GeV are
f¯pi = 0.133 GeV, f¯K = 0.165 GeV, which should be compared with the
experimental values [30]
f¯
(exp)
pi+ = (130.7± 0.1± 0.36) MeV (43)
f¯
(exp)
K+ = (159.8± 1.4± 0.44) MeV (44)
The form (41) justifies our choice of fi in (36), moreover the form (41)
allows to calculate all fi in terms of mi,M(0) and σ, as was done in [23, 25]
and given in the Appendix 3. Note, that fi are taken as input parameters
in the standard chiral Lagrangian theory [3, 5] and in the form (36) usually
one introduces fi = fpi, i = 1, ...8. The last term on the r.h.s. of (33) can
be incorporated into µ2i , which can be written with account of it as
µ2i → µ¯2i = µ2i − (∆µi)2, (45)
where (∆µi)
2 is easily found by comparison with (41),
(∆µpi0)
2 =
m21 +m
2
2
2
, (∆µη)
2 =
m21 +m
2
2 + 4m
2
3
6
, (∆µpi+))
2 = (∆µpi−)
2 = m1,
(∆µK+)
2 = (∆µK−)
2 = m1m3, (∆µK0)
2 = (∆µ2K¯0 = m2m3. (46)
Finally, the new term adds to Eq. (35), which can be written as
∆L
(2)
ECL =
1
2
∫
d4x
[
8∑
i=1
(µ¯2iϕiϕ
+
i + ∂µϕi∂µϕ
+
i )−
1
2
ϕηϕpi0
m21 −m22√
3
]
(47)
We now turn to the m-independent term in (14), which can be written in
the second order in η,
L2ECCL =
Nc
2
(Uˆ+Λ∂ˆUˆ)(Uˆ+Λ∂ˆUˆ) (48)
Using the definition of f 2pi in (41), one can find the local limit of (48) to be
L
(2)
ECL =
f2pi
4
tr(∂µUˆ∂µUˆ
+), and combining with (35), (47)
L
(2)
ECL =
f 2pi
4
tr[∂µU∂µU
+ +m2pi(U + U
+) + ...] (49)
which coincides with the Standard expression to this order [3].
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5 Power expansion of ECCL and the stan-
dard ECL in (∂µϕ)
4
In the previous section we have worked with the quadratic terms of ECCL and
have found that the first two terms, Nctr
(
η + η
2
2
)
, yield the GOR relations
and define f 2pi in terms of nonchiral spectrum, Eq. (42). We shall come back
to these terms, when we shall study the Chiral Confinement Quark Model
(CCQM), which follows from (14).
Now we turn to the higher order terms in ∂µφ and to this end we expand
(14) to the fourth power and concentrate on the terms O((∂µφ)
4). We get
L(ϕ)4 =
Nc
4
trη4ϕ, (50)
where from (24)
ηϕ = iGM(0)∂ˆϕˆγ5 (51)
and ϕˆ = ϕaλa
fa
, a = 1, ...8
ηϕ(x, y) ≃ iM(0)G(x, y)∂µϕa
fa
λaγµγ5 (52)
As a result one can write the fourth order terms O((∂µϕˆ)
4) in the chiral limit
as follows
L(ϕ)4 = −Nctr log(1− η)4 =
Nc
4
tr(η)4 =
Nc
4
trxDf(M(0)G∂µϕˆγµγ5)
4. (53)
and L4 can be represented as a four-point diagram of Fig.3 with vertices
containing M(0)∂µϕkλkγµγ5
fk
at the points x(1), x(2), x(3), x(4) and propagators
G(xi, xj) between the adjacent vertices.
Taking trace in γµγ5 one obtains the general structure
L(ϕ)4 =
Nc
4
trxf [(M
4(0)G4)(2∂µϕˆ(1)∂µϕˆ(2)∂νϕˆ(3)∂νϕˆ(4)−∂µϕˆ(1)∂νϕˆ(2)∂µϕˆ(3)∂νϕˆ(4))]
(54)
Note the main difference between the standard ChPT and our expression
(53): the effective Lagrangian (53) is nonlocal in space-time and e.g. the first
term in the square brackets in (54) should be rewritten as
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① ①
① ①  
pi pi
pi
pi
q
q
q
q
Figure 3: The four-point diagram with pions at the vertices and q(q¯) on the
external lines. Crossing lines in the interior imply the confining film
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2〈ωµGωµGωνGωνG〉 = 2
∫
〈
4∏
i=1
d4xi〈ωµ(xi)G(x1, xi+1)〉 (55)
where ωˆµ(x) = M(0)∂µϕˆ(x). Hence the general term of the expansion (53),
(54) can be described by the diagram of Fig. 3, where the vertices i = 1, 2, 3, 4
correspond to ωˆi participate in the traces over λk, indicated by the sign 〈...〉.
The general structure of LECCL, Eqs. (14), (18), has the form LECCL(π) =
−Nctr log(1 − S0∂ˆϕˆ), and S0 contains gluonic degrees of freedom, averaged
over vacuum, so that original quark propagator i (m+ (∂ˆ − igAˆ))−1 = S(A)
transforms in this averaging into i(mˆ+ ∂ˆ +M)−1. Since ϕˆ does not depend
on Aµ, one can replace S0 by the original propagator S(A). In this way
any term in the expansion Ln(π) will have the structure of the multipoint
diagram with n vertices of external pions and full quark propagator between
neighboring vertices, as shown in Fig.3. Then the low-energy expansion with
all pion momenta k(n)pi → 0 of this diagram yields the n-th term in the local
ECCL, while for arbitrary k(n)pi the term Ln(π) describes pionic reactions e.g.
L4(π) yields ππ scattering amplitude with the correct quark structure. In
particular for J = I = 1 one obtains (qq¯) intermediate state, corresponding
to ρ meson. In this way ECCL yields ECL at low kn)pi and a correct qq¯
description at arbitrary k(n)pi , i = 1, 2, ...n.
In the standard notations ∂µφˆ → −i∂µU, U = exp(iϕˆ), one can write
the local limit of L(ϕ)4 , Eq. (54), as
L(ϕ)4 (loc) ≡ L(4)ECCL = L3〈∂µU+∂µU∂νU+∂νU〉+
+ L′3〈∂µU+∂νU∂µU+∂νU〉 ≡ L3〈3〉+ L′3〈3′〉, (56)
In our case, as it is seen from (54), L′3 = −12L3. In the standard ECL the
fourth order form is usually written as
L
(4)
ECL = L1〈∂µU+∂µU〉2 + L2〈∂µU+∂νU〉2+
+ L3〈∂µU+∂µU∂νU+∂νU〉 ≡ L1〈1〉+ L2〈2〉+ L3〈3〉. (57)
However for general flavor SU(N) our term 〈3′〉 in (56) with L′3 does not
reduce to those of 〈1〉, 〈2〉, while in the flavor SU(2) one has 〈3′〉 → 〈2〉− 1
2
〈1〉.
From L′3 = −12L3 one then obtains, that L1 = L34 , L2 = −12L3. However in
SU(n), n ≥ 3, the term 〈3′〉 does not reduce to 〈1〉, 〈2〉, while in the region of
flavor indices a = 1, 2, 3 of the SU(3) group one has L2 = −13L3, L1 = 0. In
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what follows we shall be interested mostly in the term L3〈3〉 and calculate
the coefficient L3.
We now turn to our expression for L3, which according to (27) can be
written as (we have changed the sign, see footnote on p.10)
L3 = −2Nc
4
J(1, 2, 3, 4) = −2Nc
4
M4(0)I4 (58)
It is shown in Appendix 3, that I2 =
1
4
ϕ20(0)
ω1ω2ξM0
, and the resulting I4 can
be written for m1 = m2 as I4 =
5
64ω7ξ
, where we have taken M0 ≈ ω1 + ω2
[25].
For the case of zero current masses it was found in [24], that ξ−1 =
2.34, ω
(0)
i = 〈
√
p2 +m2i 〉 and for αs(1 GeV)≈ 0.4, ωi ≈ 0.31 GeV, M0 ≈
ω1 + ω2, while ϕ
2
n(0) ≈ 0.1094pi GeV3 (see Appendix 3). As a result, one finally
obtains for M(0) = 0.15 GeV
L3 = −(4.4) · 10−3. (59)
For M(0) = 0.14 GeV, one have instead L3 = −3.34 · 10−3. This should be
compared with the original estimate of Gasser and Leutwyler [3], L3(GL) =
(−4.4±2.5)10−3 and the instanton model result [8], L3 = [−2.88,−3.17]·10−3.
We are now in position to compare other terms in the decomposition of
the 4-th power term of ECCL with the standard form of ECL in [3], [4]
L2(standard) = f
2
0
4
〈∂µU+∂µU + χU+ + χ+U〉, (60)
L4(standard) = L1〈∂µU+∂µU〉2 + L2〈∂µU+∂νU〉2+
L3〈∂µU+∂µU∂νU+∂νU〉+ L4〈∂µU+∂µU〉〈χ+U + χU+〉+
L5〈∂µU+∂µU(χ+U + χU+)〉+O(mˆ2), (61)
where U = exp(iϕˆ), χ = 2Bmˆ, B = ∆1
f2pi
, and 〈A〉 ≡ trfA.
The terms with L1, L2, L3 have been calculated above, and now we turn
to the coefficients L4 and L5.
Note, that these terms in the lowest order, χU ≃ 2Bmˆ, do not appear
from the higher terms , O(η4) of our ECCL, since η = ηϕ+ηm, and mˆ appear
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in ηm always with additional power of ϕˆ. However the mˆ dependence of f
2
ab
in (41),
f 2ab = f
2
0
ma +mb
M(0)
+ O(m2a, m
2
b) (62)
appears in (33) in the form
∆L2 = trf 1
4
∂µϕˆ∂µϕˆ
mˆ
M(0)
f 20 . (63)
If we now compare our ∆L2 with the term proportional to L4 and L5 in
(61), we immediately obtain L4 ≡ 0, since trmˆ is absent in all our equations,
and
L5 =
f 20
16M(0)B
=
f 40
16M(0)∆1
= (1.63÷ 1.85) · 10−3 (64)
for ∆1 = [(0.267÷ 0.25 GeV]3, known from lattice data, see [15] for details.
In the same way one can estimate the terms, proportional to L6, L7, L8
in [31], denoted as O(mˆ2) in (61). They correspond to our terms (∆µ)2 in
(46), (47), and as a result one obtains that L6 ≃ −0.2 · 10−3 in agreement
with [31].
As a result we obtain the following Table 1, containing comparison of our
results with those found from [31].
Table 1: Coefficients Li computed from ECCL in comparison with estimates
from [31]
L1 L2 L3 L4 L5
103 × Li [31] 0.4± 0.3 1.35± 0.3 −3.5± 1.1 −0.3± 0.5 1.4± 0.5
103 × Li 0 1.47 −4.4 0 1.6÷ 1.8
(our paper)
Coming back to the values of L1, L2 in our case, when one considers only
the ϕˆi, i = 1, 2, 3 components of SU(3) octet (essential in the ππ scattering)
are L1 = 0, L2 = −13L3 = 1.47, which can be compared with those from [31];
L1 = 0.4± 0.3, L2 = 1.35± 0.3
18
As one can see, our results are in reasonable agreement with the estimates
[3, 31], based on the experimental data.
6 Comparison to the instanton model
At this point it is convenient to compare our resuklts with those of the
instanton model [7, 8], where the mass M is generated by the instanton
vacuum.
Omitting the terms O(mn), one can write in exactly same way, as in the
instanton model (see Eq. (29) of [7]),
ReL[π] = −Nc
2
Tr ln(1− (M2 − ∂2)−1M∂ˆUˆ) =
= −Nc
2
∫
d4x
∫
d4k
(2π)4
tr ln[1− (M2 − (∂2 − ik)2)−1M∂ˆUˆ ]. (65)
The subsequent expansion of (65) in powers of (∂ˆUˆ) follows in the same
way, as in the instanton model [7, 8], the difference being that M = Minst(p)
in the instanton gas case is the constituent quark mass, appearing due to CSB
in the instanton-antiinstanton medium, and depending on the 3-momentum
p, whereas in our caseM(x)(M(x.y) in the original nonlocal version) depends
on the position of x in the loop integral: at the vertex u, v of Λ(u, v) or Λ¯(u, v),
M(u) = M(v) = M(0) = σλ ≈ 0.15 GeV, while between u, v the average
value of M is defined by the confinement, M¯ ≈ √σ ≈ 0.35 GeV and is close
the Minst(p).
Therefore one can proceed in the same way, as in [7, 8] i.e. factorizing in
(65) the slow x-dependent factors of ∂U(x) from the fast k-dependent factors
M(k), as it is done, e.g. in the quadratic case in [7], one has
ReL2[π] = 1
4
∫
d4xTr(∂µU
+∂µU)F{M(k)} (66)
and in the instanton case F{M(k)} defines the constant fpi as follows
f 2pi = F{M(k)} = 4Nc
∫
d4k
(2π)4
M2
(k2 +M2)2
. (67)
In our case F{M(k)} corresponds to the Fourier transform of the Green’s
function G(MM)(x, y), containingM(0) at each vertex x, y, and hence one can
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write
f 2pi =M
2(0)4Nc
∫
d4k
(2π)4(k24 + k
2 +M2(k))2
= NcM
2(0)
∫
d3k
(2π)3
1
(k2 +M2(k))3/2
(68)
and since in our case we have only discrete spectrum, instead of the contin-
uous in the instanton case, one can write
∫
d3k
(2π)3
1
(k2 +M2)3/2
→ ∑
n=0,1,
ϕ2n(0)
M3n
(69)
reestablishing in this way our definition of f 2pi (42) (where Mn ∼ (ωa + ωb)).
The same procedure can be applied to the fourth order terms ReL4. In this
case the factorization method yields, according to [7, 8] neglecting derivatives
ofM(p) (which yield numerically small contribution) one has in the instanton
model [7, 8]
L1 =
1
4
J{M}, L2 = 2L1, L3 = −J{M}, (70)
where
J{M} = Nc
∫ d4kM4(k)
(2π)4(k2 +M2)4
. (71)
Numerical estimates of J(M) in [7, 8] yield the values in the inter-
val −3.09 ≤ L3103 ≤ −2.88, while in other models the interval is wider:
[−5.4,−1.8] (see Table 1 in [8]). This should be compared with our value
(59), L3 = −4.4 · 10−3 for M(0) = 0.15 GeV. Note, that the resulting value
of L3 is very sensitive to M(0), which enters as (M(0))
4, however the latter
is fixed by the value of fpi in (42), which is known with high accuracy.
7 Possible developments and discussion of re-
sults
1. As it is clear from (17), LECCL[π] represents a sum in powers of the
operator (S+0 ∂ˆUˆ) = γ5S0∂ˆUˆγ5. The corresponding sum of diagrams can
be depicted as a n-poligon with n vertices ∂ˆUˆ at points x1, ...xn and sides
S0(xi, xi+1), xn+1 = x1, as in Fig.3.
Since S0 is a quark propagator, where confinement is implemented in
the scalar mass operator M(x, y), containing the bilinear in Aµ combination
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J(x, y), Eq. (8), it is equivalent to the original quark propagator Sˆ0(x, y) =(
1
m+∂ˆ−igAˆ
)
xy
provided in the vacuum averaging of the whole diagram one
keeps also bilinear in Aµ vacuum averages. Thus one obtains usual quark
diagram with chiral vertices ∂ˆUˆ . This is a generalization of the standard local
chiral Lagrangian, which is nonlocal and contains confinement. A similar
generalization occurs also in the instanton model [7, 8], however without
confinement.
As a result one can use these diagrams not only at small momenta
p <∼ Pmax ≈ O(0.3 ÷ 0.5 GeV), but for any p. In particular for the ππ
scattering amplitude the corresponding 4-point diagram contains all possible
resonances ρ, σ, ai, etc., their masses are correctly given by the loop diagrams
with confinement [25]-[29]. Moreover the same diagrams give the possibility
to calculate the corresponding widths and branching ratios.
2. Our method allows to obtain the coefficients of the CPTh expansion
for any term n in the expansion of L
(n)
ECCL → L(n)ECL. Indeed, writing in the
chiral limit, η → ηϕ
L
(n)
ECCL = −Nctr(1− ηϕ)n =
1
n
Nctrη
n
ϕ, (72)
one obtains
L
(n)
ECL = Cn
∫
trDf(∂ˆϕˆ)
nd4x, (73)
where according to (29) and (42), one can express the coefficient Cn as (for
even n)
Cn =
(M(0))n−2
n
[(
n
2
− 1
)
!
]2 ∂
n/2
∂(m21)
n/2
∂n/2
∂(m22)
n/2
fpi(m
2
1, m
2
2)|m21=m22=0. (74)
In the nonlocal case the L
(n)
ECCL yields the full amplitude of the process
e.g. ππ → (n− 2)π, n
2
π → n
2
π while L
(n)
ECL defines its low-energy limit.
In this way one immediately obtains the only dynamical coefficient of
the L
(6)
ECL in the order (∂ˆϕˆ)
6, which defines numerous coefficients of different
flavor combinations in tr(∂ˆϕˆ)n, which can be compared to those found in
[32].
3. At this point we shall derive the so-called Chiral Quark Model (CQM)
[19] from our original Lagrangian (11),(13), which can be written (before the
quark integration in (13))
21
Leff =
∫
d4xψ(i∂ˆ + im+ iMUˆ )ψ (75)
where we have taken the local limit in M(x, y) → M(x)δ(x − y), and Uˆ =
exp(iγ5φˆ). Making a transformation
ψ = uˆ+Ψ, Ψ = uˆψ, uˆ =
√
Uˆ , (76)
one arrives at the Lagrangian
Leff =
∫
d4xΨ¯(i∂ˆ + imˆU + iM + γµuˆ∂µuˆ
+)Ψ, (77)
where mˆU = mˆUˆ
+ Hence in the chiral limit the effect of the chiral interaction
MUˆ reduces to the additional term Ψ¯∆LΨ, where
∆L = −iγµγ5∂µφˆ = 1
2
γµγ5(u∂µu
+ − u+∂µu), (78)
u = exp iφˆ. Comparing with the CQM term [19]
∆Lch = gqAtr(ψ¯γµγ5ωµψ), ωµ =
i
2
(u∂µu
+ − u+∂µu) (79)
where u =
√
U, U = exp iφˆ and gA is the axial vector coupling. One can see
that both terms coincide for gqA = 1. The latter property was shown in [20]
to hold in the large Nc limit, whereas in our derivation it is true for any Nc.
8 Conclusions
We have derived the chiral Lagrangian ECCL and its local limit, ECL, from
the confining 4q kernel, which provides confinement and simultaneously emits
arbitrary number of NG mesons.
This allows in principle to calculate all observables though only one pa-
rameter – e.g. the string tension σ. In our approach confinement appears in
two forms: purely confining interaction M(x) = σ|x|, existing for quarks in
any meson, and the “vertex mass” M(0), appearing only for NG mesons φˆ =
φata because only in this case φa enter in the combination M(x) exp(iφˆγ5).
Anyhow M(0) was calculated also via σ, M(0) = σλ(σ) = const
√
σ and this
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opens the possibility to compute all coefficients of ECL (and ECCL) in terms
of σ.
In the second order of the ECL LagrangianO(ϕˆ2), the coefficients f 2(a,a=1,...8)
are obtained here, following recent results [25]. The fourth order coefficients
L1, L2, L3, L4, L5 have been computed for the first time in our approach and
are in good agreement with estimates, based on experimental data. The gen-
eral equations are given defining coefficients of the n-th order terms. Note,
that also terms of the order of O(mˆn) can be obtained in our formalism, as
it is done in the paper for O(ϕˆ2) and O(ϕˆ4) Lagrangians. In particular the
GOR relations with O(mˆ2) corrections are automatically produced. We have
shown, that the present formalism allows to consider the processes with NG
mesons not only in the limit of small momenta (as it is done in the framework
of ECL), but for any meson momenta in the framework of ECCL.
In this way the connection of the ECL formalism with the nonperturbative
QCD and confinement in particular is made more clear.
In the last section the derivation of the so-called chiral quark model is
given and shortly discussed, but a vast amount of results obtained in this
field, and especially for pion-nucleon and NN (see e.g. [33]) was not touched
upon, because of lack of space.
The author is grateful fo A.M.Badalian and B.L.Ioffe for discussions and
suggestions.
The financial support of the grant RFBR 1402-00395 is gratefully ac-
knowledged.
Appendix 1
Calculation of the 4q kernel Eq. (7)
We study below in detail how the gluon string formed by two gluons
emitted at points x and y (see Fig.1), can be a source of mesons S, V, T, A, P ,
while in the first approximation the 4q kernel of Eq. (7) is the standard scalar
confining string.
One can calculate the average 〈AA〉 as [20, 21]
23
g2〈A(µ)ab (x)A(ν)cd (y)〉 =
δbcδad
Nc
∫ x
0
duiαµ(u)
∫ y
0
dvkαν(v)D(u−v)(δµνδik−δiνδkµ).
(A1.1)
Here f, g are isospin, a, b,...– color, α, β, – Dirac, and µ, ν, ... – Lorentz indices.
Now keeping only colorelectric fields, ensuring confinement [21], i.e. putting
µ = ν = 4 we obtain
LEQL =
1
2Nc
∫
d4x
∫
d4y fψ+aα(x)
fψbβ(x)
gψ+bγ(y)
gψaε(y)γ
(4)
αβγ
(4)
γε J(x, y)
(A1.2)
where J(x, y) is
J(x, y) =
∫ x
0
dui
∫ y
0
dviD(u− v), i = 1, 2, 3. (A1.3)
We have chosen the simplest contour gauge in (5), with C(x) and J(x, y)
depicted in Fig.1, for a general case see [11, 20].
We separate now the white bilinear combinations of quark wave functions
in (A1.2) see [10] for details.
Ψfgαε =
fψ+aα(x)
gψaε(y) =
∑
n
t
(n)
fg Ψ
(n)
αε (x, y) =
∑
n,k
Ψ(n,k)(x, y)O¯(k)αε , (A1.4)
where n refers to flavor matrices and k = S, P, A, V, T
Using identity (J˜ = 1
Nc
J(x, y)
e−ΨJ˜Ψ =
∫
(det J˜)1/2Dχ exp[−χJ˜χ+ iΨJ˜χ+ iχJ˜Ψ] (A1.5)
one has for the partition function
Z =
∫
DψDψ+Dχ expLQML (A1.6)
where
LQML =
∫
d4x
∫
d4y
{
fψ+aα(x)[(i∂ˆ +m)αβδ(x− y) + iM (fg)αβ (x, y)] gψαβ(y)−
−χ(n,k)(x, y)J˜(x, y)χ(n,k)(y, x)
}
, (A1.7)
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and
M
(fg)
αβ (x, y) =
∑
n,k
χ(n,k)(x, y)O¯
(k)
αβ t
(n)
fg J˜(x, y) ≡ Mˆ(x, y). (A1.8)
Integrating out the quark fields in (A1.6), one obtains
Z =
∫
DχeLeff (χ) (A1.9)
where
Leff(χ) = −
∫
d4xd4y[
∑
n,k
χ(n,k)J˜(x, y)χ(n,k) + L¯(Mˆ)], (A1.10)
L¯(Mˆ) = Nctrlog[(i∂ˆ + im)δ(x− y) + iMˆ ]. (A1.11)
At this point we confine ourselves to the scalar and pseudoscalar fields
χ(n,k), and exploit the nonlinear transformation of scalar and pseudoscalar
fields, Eq.(12), where χ(f,P s)(x, y) → φˆ(x, y), φˆ(x, y) = φf(x, y)tf , f =
0, 1, ..nf − 1, so that
Mˆ(x, y) = Ms(x, y)Uˆ(x, y), Uˆ = exp(iγ5φˆ(x, y)). (A1.12)
The Lagrangian (A1.10) acquires the form
Leff(Ms, φ) = −2nf J˜M2s (x, y)−Nctrlog[(i∂ˆ + imˆ)1ˆ + iMsUˆ ]. (A1.13)
It is convenient to define the Euclidean quark Green’s function in the
confining and pion field
S(x, y) =
(
i
∂ˆ + mˆ+MsUˆ
)
x,y
. (A1.14)
The solutions of the stationary point equations at φˆ = 0 δL
(4)
δMs
= δL
(4)
δφˆ
= 0
can be written in the form φˆ = 0,Ms = M
(0)
s , where M
(0)
s is the confining
kernel in the absence of NG fields,
M (0)s (x, y) =
Nc
4
tr(γ4S
(0)γ4)J˜(x, y), (A1.15)
where S(0) does not contain chiral degrees of freedom,
S
(0)
(x,y) = i(∂ˆ + mˆ+M
(0)
s )
−1
xy (A1.16)
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Figure 4: The structure of the kernel M(x) → M(0) at the initial (final)
point of the qq¯ Green’s function
The coupled equations Eqs. (A1.15), (A1.16) provide the solution for both
M (0)s and S
(0). As it was shown in [22], M (0)s exhibits the properties of linear
confinement for large |x + y|. In this way in the first approximation one
obtains the confining string in M (0)s , while in the next approximations O(ϕˆ
n)
one can emit n pions from the end of the string.
Appendix 2
To calculate M(0) one consider the diagram of Fig. 3, where an external
pion transforms into quark and antiquark, at the end of the string. One
should take into account, that the points x1, y1 lie on the axis 1 and the
distance |x1 − y1| ∼ rpi, where rpi is the average pion radius, rpi ∼ 0.6 fm,
while the correlation length of the vacuum λ is O(0.15 fm ), hence rpi ≫ λ.
In accordance with the definition of M(x, y)(J(x, y)) in (A1.8), (A1.1) and
26
(A1.3), one can write
M(0) =
∫
〈A4(x)A4(y)〉d(x4 − y4) =
∫
J(x, y)d(x4 − y4) =
∫ x1
0
du1
∫ 0
y1
dv1D(u1 − v1, x4 − y4)d(x4 − y4). (A2.1)
Using the Gaussian form for the confining correlator D(u)
D(u) =
σ
2πλ2
e−u
2/4λ2 , σ =
1
2
∫
D(u)d2u, (A2.2)
and taking into account, that |x1| ∼ |y1| ≫ λ, we obtain
M(0) ≈ σλ ≈ 0.15 GeV, (A2.3)
for σ = 0.18 GeV2, λ = 1
1.2 GeV
.
Appendix 3
Calculation of the lepton decay constants fa
As was shown in (29), fa can be defined as
1
4
(∂µϕa)
2f 2a = NctrD(ΛγµΛ¯γν)(∂µϕa∂νϕa)
∫
d4(x− y)Ga(x, y)Gb(y, x)
(A3.1)
and hence in the chiral limit
f 2a = 4NcM
2(0)
∫
d4(x− y)Ga(x, y)Gb(x, y). (A3.2)
Denoting x4 − y4 ≡ T , one can use the relation, obtained in [24] in the
path-integral formalism.
∫
d3(x− y)Ga(x, y)Gb(y, x) = T
4π
∫ ∞
0
dω1
ω
3/2
1
∫ ∞
0
dω2
ω
3/2
2
〈0|e−H(ω1,ω2,p)T |0〉
(A3.3)
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where the Hamiltonian H yields the energy eigenvalues of the system qaq¯b
interacting via confining string given by M(x). The last bracket in (A3.3)
can be rewritten as
〈0|e−HT |0〉 = ∑
n=0,1,...
e−MnTϕ2n(0), (A3.4)
where ϕn(x) is the eigenfunction of the n-th excited state of the NG meson.
Now doing the integrals over dω1, dω2 and dT , one obtains f
2
a for the ground
state (n = 0) as given in (40), with ξn defined in [23, 24].
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